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MOTIVATION

Understand from first principles the structure of the pion 

Unlike the nucleon, pion parton distribution function are not well 
determined experimentally 

Experimental  effort at JLab 12GeV to determine pion PDFs.   

Sullivan process 

Pion Drell-Yan 

Future EIC experiments

World Data on pion structure function F2
p

5

Pion Drell-Yan DIS (Sullivan 
Process)

FNAL E615

CERN NA3

Data much 
more limited 
than nucleon…

[HERA data [ZEUS, 
NPB637 3 (2002)]

[T. Horn DIS2017]   



MOTIVATION

JAM global fit analysis (@JLAB) 

Will benefit from theoretical input from Lattice QCD 

Exploring the impact on the global fits first couple of moments will have 

Interested in the large x region (x>.2) 

Pion is the cloud in the nucleon: Understand pion structure leads to insight 
to nucleon structure. 

Light quark asymmetries



MOTIVATION

Pion distribution amplitude 

Offers insight to the interplay of high an low energy 
scales in a hadron 

High Q2 factorization (ex. EM form factor)



FIG. 15: Projected error bars for this SHMS+HMS proposal, in comparison with a variety of
theoretical models, and existing precision data. The error bars include all projected statistical
and systematic uncertainties, as well as an additional 1% model uncertainty in the form factor
extraction added in quadrature.

measurement is easily able to distinguish between at least a number of the models.

We re-iterate the point that projected final uncertainties for Fπ depend strongly on the

ratio of transverse to longitudinal cross sections. For example, if r = σT /σL were half the size,

the uncertainty on Fπ at Q2 = 6 GeV2 would shrink from 6.6% to about 4.5%. The T/L ratios

assumed here in the calculation of our anticipated errors for the proposed measurements are

listed in Table X. These assumed ratios are substantially more pessimistic than indicated by

the VGL Regge model calculation (see Fig. 16), and so our error bar projection is realistically

achievable by the experiment.

The uncertainty estimates described above have been tested using Monte Carlo data

combined with an extraction of the pion form factor. One example is shown in Fig. 17.

In the above formula, the statistical uncertainty is a bit overestimated since all t-bins will

contribute to the extraction of Fπ, so that the statistical precision is better than that assumed

in a single bin. On the other hand, the contribution of the t-correlated systematic errors is

a bit underestimated since these errors will affect the shape of the longitudinal cross section

and impact the overall χ2 of the fit. In the end, both these effects roughly cancel so that the

simulated uncertainty is very close to the simple calculation (within 0.5%).

The estimated beam time in Table XI assumes 30,000 events per LH and LD(π+) kine-
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MOTIVATION

Pion is the lightest hadron 

Pion is relatively easy for lattice calculations 

Statistical noise much smaller than the nucleon 

Offers an interesting playground to test new ideas for 
hadron structure calculations



QUASI-PARTON DISTRIBUTIONS
Goal: Compute properties of hadrons from first principles 

Parton distribution functions (PDFs) 

Lattice QCD calculations is a first principles method  

For many years calculations focused on Mellin moments 

Can be obtained from local matrix elements of the proton in Euclidean space  

Breaking of rotational symmetry —> power divergences  

only first few moments can be computed 

Recently direct calculations of PDFs in Lattice QCD are proposed 

First lattice Calculations already available 

X. Ji, Phys.Rev.Lett. 110, (2013)

Y.-Q. Ma J.-W. Qiu (2014) 1404.6860  

H.-W. Lin, J.-W. Chen, S. D. Cohen, and X. Ji, Phys.Rev. D91, 054510 (2015) 

C. Alexandrou, et al, Phys. Rev. D92, 014502 (2015) 



QUASI-PARTON DISTRIBUTIONS

Defined as non-local (space), equal time matrix elements in 
Euclidean space 

Equal time: rotation to Minkowski space is trivial 

PDFs are obtained in the limit of infinite proton momentum 

Matching to the infinite momentum limit can be obtained 
through perturbative calculations 

X. Xiong, X. Ji, J. H. Zhang, Y. Zhao, Phys. Rev. D 90, no. 1, 014051 (2014) 
T. Ishikawa et al. arXiv:1609.02018 (2016)



QPDFS: DEFINITION
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We denote bare light-front PDFs by f

(0)(⇠). Light-front PDFs are frequently represented by

f

(0)
j/N

(⇠), where j denotes the quark flavor and N the nucleon species, but here we will be considering

only non-singlet distributions, for which we can neglect mixing between parton species, and work

with su�cient generality that the nucleon species is not relevant to our discussion. We use light-

front coordinates, (x+, x�,xT) such that x

± = (t ± z)/
p
2, and define ⇠ = k

+
/P

+. We use ⇠

to distinguish this variable from the Bjorken-x parameter that characterizes the kinematics of

scattering experiments and is given in terms of the experimental momentum transfer Q

2 = �q

2

and hadron momentum P by x = Q
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/(2P · q). The bare PDF is defined as [3]
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Here T is the time-ordering operator,  is a quark field, and the subscript C indicates that the
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the SU(3) gauge

potential with generator T
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We define the moments of bare PDFs as
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where f
(0)

(⇠) is the anti-quark PDF and the second equality follows from the relation of the quark

to anti-quark PDFs

f

(0)(�⇠) = �f

(0)
(⇠), (5)

which holds for the bare distributions if the quark and anti-quarks fields are classical, or quantized

using light-front quantization [33].

We can relate these bare moments, a(n)0 , to matrix elements of twist-two operators via

D
P |O{µ1...µn}

0 |P
E
= 2a(n)0 (Pµ1 · · ·Pµn � traces) . (6)
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Light-cone PDFs:
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Local matrix elements:
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Here the bare twist-two operators are

O{µ1···µn}
0 = i

n�1
 (0)�{µ1

D

µ2 · · ·Dµn}�
a

2
 (0)� traces . (7)

In these expressions the braces denote symmetrization, Dµ is the symmetric covariant derivative,

�

a are SU(2) flavor matrices, and the subtraction of the trace terms ensures that the operator

transforms irreducibly under SU(2)L ⌦ SU(2)R.

B. Renormalized PDFs

To this point we have considered the bare light-front PDFs, with the understanding that such

objects are evaluated with some regulator that renders the bare distributions finite. We now intro-

duce renormalized light-front PDFs. We stress that in this section we consider a renormalization

scheme that respects rotational symmetry and, for definiteness, one can have in mind the MS

scheme. Complications will arise if a regulator that breaks rotational invariance, such as the lat-

tice regulator, is used. We do not discuss such complications here, because we will avoid explicit

computations of moments at finite lattice spacing. All correlation functions computed on the lattice

can be renormalized and extrapolated to the continuum limit, provided that no power divergent

mixing exists. In the next section, we propose a smeared correlation function that does not have

power-divergent mixing.

In general, renormalized light-front PDFs are written in terms of a kernel, Z(⇣/⇠, µ), as
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where µ is some renormalization scale. We do not need to consider mixing between parton species

for non-singlet distributions. In terms of the renormalized light-front PDF, the renormalized Mellin

moments are
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which can be related to matrix elements of renormalized twist-two operators, O{⌫1...⌫n}(µ) =

ZO(µ)O{⌫1...⌫n}
0 , via

D
P |O{⌫1...⌫n}(µ)|P

E
= 2a(n)(µ) (P ⌫1 · · ·P ⌫n � traces) . (10)

This relation holds provided the light-front PDFs and twist-two operators are renormalized in the

same scheme [33].



QPDFS: DEFINITION
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QPDFS: MAIN IDEA

X. Ji, Phys.Rev.Lett. 110, (2013)  

-2 -1 0 1 2
-2

-1

0

1

2
lim

Pz!1
q

(0) (x, Pz) = f(x)

z

t

Euclidean space time local matrix element  
is equal to the same  matrix element in 
Minkowski space 



Practical calculations require a regulator (Lattice) 

Continuum limit has to be taken 

renormalization 

Momentum has to be large compared to hadronic scales to suppress higher twist effects 

Practical issue with LQCD calculations at large momentum … signal to noise ratio

q (x, Pz) =

Z 1

�1

d⇠

⇠

e
Z

✓
x

⇠

,

µ

Pz

◆
f(⇠, µ) +O(⇤QCD/Pz,MN/Pz)

X. Xiong, X. Ji, J. H. Zhang, Y. Zhao, Phys. Rev. D 90, no. 1, 014051 (2014) 
T. Ishikawa et al. arXiv:1609.02018 (2016)

The matching kernel can be computed in perturbation theory 



GRADIENT FLOW SMEARING

Is  a way to obtain a finite matrix element in the continuum 
that can then be used to obtain the  light cone PDFs

For fermonic correlation functions an additional wave 
function renormalization remains. 

Ringed fermions is a way to remove this renormalization in 
simple way. 



. H. Makino and H. Suzuki, PTEP 2014, 063B02 (2014), 1403.4772.  
. K. Hieda and H. Suzuki (2016), 1606.04193 

Ringed smeared fermions

Ringed fermion correlation functions require no additional renormalization



SMEARED QUASI-PDFS

[24], which can be removed by introducing ringed fermion fields [25, 26]. Third, the lat-

tice matrix elements of smeared fields remain finite in the continuum limit, provided the

flow time is fixed in physical units [24, 38]. In essence, the gradient flow allows one to

replace the lattice regulator with a new smearing-scale regulator. This last fact allows

one to determine the continuum limit of lattice matrix elements of, for example, twist-two

operators, without power-divergent mixing. In the continuum, because the gradient flow

respects rotational symmetry, the mixing between twist-two operators is then reduced to

ordinary mixing with coe�cients that depend on the smearing scale and not powers of the

inverse lattice spacing [38].

We denote the ringed fermion fields at flow time ⌧ by �(x; ⌧) and �(x; ⌧), and the

corresponding Wilson line at the same flow time, constructed from the smeared gauge

fields B
µ

(x; ⌧), by W(0, z; ⌧). We start with the matrix element
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(2.11)

which, being dimensionless, depends only on dimensionless combinations of scales. We note

that the flow time has units of length-squared. The subscript C indicates that disconnected

contributions to this matrix element have been removed. The ringed fermion fields require

no wave function renormalization and this smeared matrix element is finite provided the

flow time, ⌧ , is non-zero and fixed in physical units, because correlation functions con-

structed from smeared fields are finite [23, 24]. Note that divergences will appear in the

limit of vanishing flow time and the matrix element will then require renormalization.

We then define the quasi PDF [13, 14] as
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where ⇠ is a dimensionless parameter that can be naively interpreted as the longitudinal

momentum fraction of the parton in the nucleon N . This interpretation is not correct in

Euclidean space, however, and instead ⇠ should be viewed as a dimensionless momentum

variable in a Fourier transformation.

In practice, the smeared matrix element h is determined from lattice computations at

finite lattice spacing, a, as
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τ is the flow time
χ is the ringed smeared quark field

W is the smeared gauge link 

[24], which can be removed by introducing ringed fermion fields [25, 26]. Third, the lat-

tice matrix elements of smeared fields remain finite in the continuum limit, provided the

flow time is fixed in physical units [24, 38]. In essence, the gradient flow allows one to

replace the lattice regulator with a new smearing-scale regulator. This last fact allows

one to determine the continuum limit of lattice matrix elements of, for example, twist-two

operators, without power-divergent mixing. In the continuum, because the gradient flow

respects rotational symmetry, the mixing between twist-two operators is then reduced to

ordinary mixing with coe�cients that depend on the smearing scale and not powers of the

inverse lattice spacing [38].

We denote the ringed fermion fields at flow time ⌧ by �(x; ⌧) and �(x; ⌧), and the
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which, being dimensionless, depends only on dimensionless combinations of scales. We note

that the flow time has units of length-squared. The subscript C indicates that disconnected

contributions to this matrix element have been removed. The ringed fermion fields require
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flow time, ⌧ , is non-zero and fixed in physical units, because correlation functions con-
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where ⇠ is a dimensionless parameter that can be naively interpreted as the longitudinal
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At fixed flow time the quasi-PDF is finite in the continuum limit



3 Relation to Light-front distributions

We discuss the relation between quasi and light-front PDFs by examining the Mellin mo-

ments of these distribution, and using the connection between Mellin moments and matrix

elements of local operators, which are twist-two in the case of light-front PDFs [39]. For

the quasi PDFs, the local operators corresponding to the Mellin moments do not have a

well-defined twist, but can be related to twist-two operators after subtracting higher twist

e↵ects and applying target-mass corrections [15, 18]. Although we are now considering

smeared matrix elements, the arguments regarding higher twist and target mass e↵ects in

[15, 18] still apply, because the flow time serves as an alternative gauge-invariant regulator

to the lattice spacing.

We connect the Mellin moments of the quasi PDF to matrix elements of local operators

in the following way. Working in axial gauge, B
z

(x; ⌧) = 0, the matrix element h(s) is

h

(s)

✓
zp
⌧

,

p
⌧P

z

,

p
⌧⇤QCD,

p
⌧MN

◆ ���
Bz=0

=
1

2P
z

⌧
P

z

�����(z; ⌧)�z
�

a

2
�(0; ⌧)

����Pz

�

C

. (3.1)

We now substitute this expression into the definition of the quasi PDF, Equation (2.12),

and integrate the resulting expression over the full range of ⇠. In contrast to the light-front

PDF, this range extends from negative to positive infinity, giving
Z 1

�1
d⇠ q (s)

�
⇠,

p
⌧P

z

,

p
⌧⇤QCD,

p
⌧MN

� ���
Bz=0

= h

(s)(0,
p
⌧P

z

,

p
⌧⇤QCD,

p
⌧MN)

���
Bz=0

.

(3.2)

Here we have used the relation �(zP
z

) = �(z)/P
z

, for P
z

> 0. We see that the first Mellin

moment of the quasi PDF can be expressed in terms of the Euclidean matrix element of a

local (smeared) operator.

We extend this argument to arbitrary moments of quasi PDFs by considering deriva-

tives of the quasi distribution with respect to the spatial separation z [3]. Inverting the

Fourier transform in Equation (2.12), we have

h

(s)

✓
zp
⌧

,

p
⌧P

z

,

p
⌧⇤QCD,

p
⌧MN

◆
=

Z 1

�1
d⇠ e�i⇠zPz

q

(s)
�
⇠,

p
⌧P
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,

p
⌧⇤QCD,

p
⌧MN

�
.

(3.3)

Applying derivatives with respect to the displacement z, we obtain

✓
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n�1
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,
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Z 1
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e

�i⇠zPz
q

(s)
�
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p
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z

,

p
⌧⇤QCD,

p
⌧MN

�
. (3.4)

,

Defining the moments of the smeared quasi PDF, b(s)
n

, as

b
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n

✓p
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z

,

⇤QCD

P

z
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P

z
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d⇠ ⇠n�1

q

(s)
�
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p
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z

,

p
⌧⇤QCD,

p
⌧MN

�
, (3.5)
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Using the previous definitions we have 

By introducing the moments  



and substituting the definition of the matrix element h

(s), given in Equation (2.11), into

Equation (3.4), in the limit that z ! 0, we obtain

b

(s)
n

✓p
⌧P

z

,

⇤QCD

P

z

,

MN

P

z

◆

Bz=0

=
c

(s)
n

(
p
⌧P

z

)

2Pn

z

⇥
⌧
P

z

����


�(z; ⌧)�

z

⇣
i

 �
@

n�1
z

⌘
�

a

2
�(0; ⌧)

�

z=0

����Pz

�

C

.

(3.6)

The perturbative coe�cients, c(s)
n

(
p
⌧P

z

), capture potential singularities in the righthand

side of Equation (3.4) in the limit of vanishing separation, and follow from a smeared

operator product expansion [38] approach to the nonlocal matrix element, as outlined in

[15].

We restore gauge invariance to obtain our final expression for the moments of quasi

PDFs in terms of Euclidean matrix elements of local operators:

b

(s)
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,
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◆
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⌧
P

z
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(i
 �
D

z

)(n�1)�
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2
�(0; ⌧)

�

z=0

����Pz

�

C

.

(3.7)

The local operators that appear in the matrix element on the right hand side of this

expression are not twist-two operators: they are not symmetric and traceless. The discrep-

ancy between these matrix elements and matrix elements of twist-two operators are given

by corrections that appear at O(M2
N/P

2
z

) [15, 18] and correspond to target mass corrections

[40, 41]. Although the appropriate interpretation of PDFs in the presence of these target

mass corrections is subtle [42, 43], for our purposes it is su�cient that these non-leading

corrections can be absorbed by writing [15, 18]

b

(s)
n

✓p
⌧P

z

,

⇤QCD

P

z

◆
=

c

(s)
n

(
p
⌧P

z

)

2Pn

z

⌧
P

z

����


�(z; ⌧)�

z

(i
 �
D

z

)(n�1)�
a

2
�(0; ⌧)

�

z=0

����Pz

�

C

⇥K

�1
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✓
M

2
N

4P 2
z

◆
, (3.8)

where

K

n

✓
M

2
N

4P 2
z

◆
=

n/2X

j=0

✓
n� j

j

◆✓
M

2
N

4P 2
z

◆
j

. (3.9)

The corrected matrix elements on the right hand side of this equation can now be

expanded in a Taylor series with respect to ⇤2
QCD/P

2
z

. The coe�cients in this expansion

represent higher twist e↵ects that arise because the original matrix element is not a matrix

element of a twist-two operator. The leading coe�cient in this expansion is a twist-two

contribution that can depend only on the nucleon structure and the flow time:

b

(s)
n

�p
⌧P

z

,

p
⌧⇤QCD

�
= c

(s)(
p
⌧P

z

)b(s,twist�2)
n

�
⌧⇤2

QCD

�
+O

 
⇤2
QCD

P

2
z

!
, (3.10)

where, for ⇤2
QCD/P

2
z

⌧ 1, the higher twist corrections can be ignored.
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after removing MN/Pz effects 

and substituting the definition of the matrix element h
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ancy between these matrix elements and matrix elements of twist-two operators are given
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) [15, 18] and correspond to target mass corrections

[40, 41]. Although the appropriate interpretation of PDFs in the presence of these target
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The corrected matrix elements on the right hand side of this equation can now be

expanded in a Taylor series with respect to ⇤2
QCD/P
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z

. The coe�cients in this expansion

represent higher twist e↵ects that arise because the original matrix element is not a matrix

element of a twist-two operator. The leading coe�cient in this expansion is a twist-two

contribution that can depend only on the nucleon structure and the flow time:
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where, for ⇤2
QCD/P

2
z

⌧ 1, the higher twist corrections can be ignored.
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Taking the limit of z going to 0 we obtain:  

i.e. the moments of the quasi-PDF are related to local matrix elements of 
the smeared fields  

These matrix elements are not twist-2.  Higher twist effects enter as 
corrections that scale as powers of   

[ H.-W. Lin, et. al Phys.Rev. D91, 054510 (2015)]



In summary, we assume that: first, we can correct exactly for target mass corrections;

and second, we can take the momentum P

z

su�ciently large that higher twist e↵ects are

negligible. Then, under these assumptions, the moments of the smeared quasi PDFs are

dimensionless products of perturbative coe�cients and pure twist-two matrix elements,

which are only functions of the dimensionless quantity
p
⌧⇤QCD, that contain information

about the structure of the hadron.

3.1 Short distance expansion

We can now relate the moments of the smeared quasi PDF b

(s,twist�2)
n

�p
⌧⇤QCD

�
, which

are local matrix elements of smeared fields, to the renormalized moments of the light-front

PDFs, by using the properties of the gradient flow that arise from a short distance expansion

[23, 25, 26, 44, 45]. The exponentially local nature of the smearing procedure allows for a

short distance expansion of the smeared local operators in terms of renormalized operators

in some renormalization scheme, such as the MS scheme. It is straightforward to show

that this short distance expansion leads to

b

(s,twist�2)
n

�p
⌧⇤QCD

�
= e

C

(0)
n

(
p
⌧µ)a(n)(µ) +O(

p
⌧⇤QCD), (3.11)

where µ is a renormalization scale. The leading order term in this expansion, a(n)(µ), is

the matrix element of a renormalized twist-two operator with the same gamma matrix and

derivative structure as the smeared operator that appears in the matrix element on the left

hand side. The higher order terms arise from higher dimension operators that enter the

short distance expansion of the smeared matrix element.

We now combine this short-distance expansion with Equation (3.10) to write

b

(s)
n

�p
⌧⇤QCD

�
= C

(0)
n

(
p
⌧µ,

p
⌧P

z

)a(n)(µ) +O
 
p
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⇤2
QCD

P

2
z

!
, (3.12)

Both the leading short distance coe�cient function, C(0)
n

(
p
⌧µ,

p
⌧P

z

), and the higher order

corrections can be computed in perturbation theory, so that this approximation can be

systematically improved.

For the rest of this discussion, we will assume that we work in a regime in which there

is a hierarchy of scales given by

⇤QCD,MN

⌧ P

z

⌧ ⌧

�1/2
, (3.13)

so that power corrections and higher-twist e↵ects can be ignored. We also assume that

target mass corrections have been applied.

To relate the smeared quasi PDF with the light-front PDF, we introduce a kernel

function, Z(x,
p
⌧µ), whose Mellin moments are given by
h
C

(0)
n

(
p
⌧µ,

p
⌧P

z

)
i�1

=

Z 1

�1
dx x

n�1
Z(x,

p
⌧µ,

p
⌧P

z

). (3.14)

With this definition, and using the properties of multiplicative convolution, we find

f(x, µ) =

Z 1

�1
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p
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�
⇠,

p
⌧⇤QCD

�
+O(

p
⌧⇤QCD). (3.15)
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hand side. The higher order terms arise from higher dimension operators that enter the

short distance expansion of the smeared matrix element.
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), and the higher order

corrections can be computed in perturbation theory, so that this approximation can be
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For the rest of this discussion, we will assume that we work in a regime in which there

is a hierarchy of scales given by
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In summary, we assume that: first, we can correct exactly for target mass corrections;

and second, we can take the momentum P

z

su�ciently large that higher twist e↵ects are

negligible. Then, under these assumptions, the moments of the smeared quasi PDFs are

dimensionless products of perturbative coe�cients and pure twist-two matrix elements,

which are only functions of the dimensionless quantity
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⌧⇤QCD, that contain information

about the structure of the hadron.
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Small flow time expansion: Luscher [’10,’13] 

The quasi-PDF moments then are:

are the moments of the PDFs



We introduce the inverse kernel through
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Note that all of these relations are only valid if

⇤
QCD

,M

N

⌧ P

z

⌧ ⌧

�1/2
. (3.18)

Furthermore, the kernel functions can be computed in continuum perturbation theory,

following the methods introduced in [23] and the examples in [17, 20, 27, 28].

We stress that, in contrast to the original work by Ji, in which factorization occurs

in the limit of large nucleon momentum, P
z

, here we only require the momentum to be

much larger than the hadronic scales involved. In Ji’s approach, in the limit of infinitely

large nucleon momentum, the relation between the bare quasi PDFs and the light-front

PDFs is simple, as we demonstrate in Appendix A. Here the large nucleon momentum

serves only to suppress higher twist contributions. In addition, we have introduced a new

scale, the (inverse) flow time, ⌧�1, that needs to be large but finite. These requirements

on the hierarchy of scales, expressed in Equation (3.18), are no di↵erent in nature than the

requirements used to factor physical cross-sections into PDFs and Wilson coe�cients and

are similar in spirit to the factorization approach proposed in [20, 28]. In this approach,

the renormalization scale and the factorization scale are distinct and separate from the

large momentum, which suppresses higher twist e↵ects.

4 DGLAP-like equation for the matching kernel

Ignoring mixing between quark flavors and gluons (i.e. looking at the non-singlet distribu-

tions) the renormalized PDFs satisfy a DGLAP equation [46–48] that describes their scale

dependence

µ

d f(x, µ)

dµ
=

↵

s

(µ)

⇡

Z 1

x

dy

y

f(y, µ)P

✓
x

y

◆
. (4.1)

Here P (z) is a function whose moments are the anomalous dimensions �(n) of the moments

of the PDFs, Z 1

0
dxxn�1

P (x) = �

(n)
, (4.2)

where 
µ

d

dµ
� ↵

s

(µ)

⇡

�

(n)

�
a

(n)(µ) = 0, (4.3)

and ↵

s

(µ) is the (renormalized) strong coupling constant.

Similarly, we can derive a DGLAP-like equation for the matching kernel that relates

smeared quasi PDFs and light-front PDFs. We start from the small distance expansion
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Introducing a kernel function such that:

We can undo the Mellin transform:

Therefore smeared quasi-PDFs are related to PDFs if

In summary, we assume that: first, we can correct exactly for target mass corrections;

and second, we can take the momentum P

z

su�ciently large that higher twist e↵ects are

negligible. Then, under these assumptions, the moments of the smeared quasi PDFs are

dimensionless products of perturbative coe�cients and pure twist-two matrix elements,

which are only functions of the dimensionless quantity
p
⌧⇤QCD, that contain information

about the structure of the hadron.

3.1 Short distance expansion

We can now relate the moments of the smeared quasi PDF b

(s,twist�2)
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, which

are local matrix elements of smeared fields, to the renormalized moments of the light-front

PDFs, by using the properties of the gradient flow that arise from a short distance expansion

[23, 25, 26, 44, 45]. The exponentially local nature of the smearing procedure allows for a

short distance expansion of the smeared local operators in terms of renormalized operators

in some renormalization scheme, such as the MS scheme. It is straightforward to show

that this short distance expansion leads to
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where µ is a renormalization scale. The leading order term in this expansion, a(n)(µ), is

the matrix element of a renormalized twist-two operator with the same gamma matrix and

derivative structure as the smeared operator that appears in the matrix element on the left

hand side. The higher order terms arise from higher dimension operators that enter the

short distance expansion of the smeared matrix element.
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so that power corrections and higher-twist e↵ects can be ignored. We also assume that

target mass corrections have been applied.
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PION DISTRIBUTION AMPLITUDE

2

scales µ. For example, Ref. [7] suggested a “double-humped” shape for the pion DA, which is very di↵erent from the
asymptotic form, while other QCD models (for example, large-N

c

Regge model [8], QCD sum rule calculations [9],
Nambu-Jona-Lasinio model [10], Dyson-Schwinger equations [11], truncated Gegenbauer expansion [12], just to name
a few) do not suggest such a feature. Unfortunately, lattice calculations have traditionally only been able to extract
the lowest few moments of the pion DA after using the operator product expansion (OPE). The highest moment
ever calculated on the lattice is the second moment [13–17], and most calculations struggled with the noise-to-signal
ratio. Ref. [18] took the moment results from lattice-QCD calculations and reconstructed the pion DA using a specific
parametrization; however, the errors propagating from the lattice calculations are relatively large, preventing them
from discriminating between the QCD models. Calculating moments beyond the lowest two on the lattice is much
more di�cult due to the breaking of rotational symmetry by discretization, which induces divergent mixing coe�cients
to lower moments such that the noise-to-signal becomes a big problem. It was proposed to use a smeared source to
reduce the discretization error [19], or to use another scale to replace the lattice cut-o↵ in the mixing. For example,
by using a heavy-light current in the OPE for the current-current correlator, the scale in the mixing parameters is
replaced by the heavy-quark mass [20] or the gradient-flow scale in the proposal of Ref. [21]. Having an alternative
approach to calculate the pion DA with better precision and quantifiable systematics is highly desirable so that it can
be used to make predictions in other harder-to-calculate processes, such as B ! ⇡⇡.

Recently, a new approach has been proposed to calculate the full x dependence of parton quantities, such as parton
distributions, distribution amplitudes, etc. [22]. The method is based on the observation that, while in the rest frame
of the nucleon, parton physics corresponds to lightcone correlations, the same physics can be obtained through time-
independent spatial correlations in the infinite-momentum frame (IMF) of the hadron after a matching procedure. For
finite but large momenta feasible in lattice simulations, a large-momentum e↵ective field theory (LaMET) can be used
to relate Euclidean quasi-observables to physical observables through a factorization theorem [23] (there exist also
other approaches to extract lightcone quantities from Euclidean ones, see e.g. [24–28]). Since then, there have been
many follow-up studies on factorization [29] and determinations of the one-loop corrections needed to connect finite-
momentum quasi-distributions to lightcone distributions for nonsinglet leading-twist PDFs [30], generalized parton
distributions (GPDs) [31], transversity GPDs [32] and pion DA [31] in the continuum. Reference [33] also explores the
renormalization of quasi-distributions, and establishes that the quasi-distribution is multiplicatively renormalizable
at two-loop order. There are also proposals to improve the quark correlators to remove linear divergences in the
one-loop matching [34], to improve the nucleon source to get higher nucleon momenta on the lattice [35], and to use
the non-perturbative evolution of quasi-distributions as a guide for the extrapolation of lattice results at moderate
momentum to infinite momentum [36, 37]. In Refs. [38, 39], it was shown that the power divergence present in the
long-link matrix elements can be removed by a mass renormalization in the auxiliary z-field formalism, in the same
way as the renormalization of power divergence for an open Wilson line. After the Wilson-line renormalization, the
long-link matrix elements are improved such that they contain at most logarithmic divergences. A nonperturbative
determination of the mass counterterm can, for example, be done following the procedure based on the static-quark
potential for the renormalization of Wilson loop in Ref. [40].

The first attempts to apply the LaMET approach to compute parton observables were the direct lattice computa-
tions of the unpolarized, helicity and transversity isovector quark distributions [41–46]. Although the current lattice
systematics are not yet fully accounted for, a sea-flavor asymmetry has been qualitatively seen in both the unpolarized
and linearly polarized cases, part of which has been confirmed in the updated measurements by the STAR [47] and
PHENIX [48] collaborations. The Drell-Yan experiments at FNAL (E1027+E1039) and future EIC data will be able
to give more insight into the sea asymmetry in the transversely polarized nucleon.

In this paper, we present the first direct lattice-QCD results for the Bjorken-x dependence of the pion DA using
lattice gauge ensembles with N

f

= 2 + 1 + 1 highly improved staggered quarks (HISQ) [49] (generated by the MILC
Collaboration [50]) and clover valence fermions with pion mass 310 MeV. In the framework of LaMET, the pion LCDA
�(x) can be studied from the IMF limit of the following quasi-correlation

�̃(x, P
z

) =
i

f
⇡

Z
dz

2⇡
e�i(x�1)Pzzh⇡(P )| ̄(0)�z�5�(0, z) (z)|0i (2)

with the two quark fields separated along the spatial z direction. As shown in Ref. [31], the pion LCDA can be related
to the quasi-DA by the following matching formula
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z
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Z 1

0
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z

)�(y, µ) +O
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m2

⇡

P 2
z

!
, (3)

where ⇤ = ⇡/a is the UV cuto↵ for the quasi-DA with a the lattice spacing. µ denotes the MS renormalization scale
of the pion LCDA. Using Eq. 3, we will be able to recover the pion LCDA.
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COMPUTATION METHOD
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Additional contraction cost and operator insertion for 
3pt functions 

Common feature: Large momentum for the pion
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DISTILATION
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General building blocks

Computed and stored to be used in many projects

Contractions done in an general fashion  
Red Star Software (R. Edwards)



PRELIMINARY TESTING

Quenched calculation under way

Test codes (analysis and aspects of the methodology)

Using pre-existing building blocks high-Q2 pion form factor 
calculation under way



Pion dispersion relation (quenched β=6.0) 323x64 

Max P ~ 2 GeV



REQUEST

We request an allocation of 56.6M KNL core-hours (169.8M JPsi core-hours) on the KNL machine at 
JLab. We request disk and achival storage of 200 TByte and 200 TByte respectively, equivalent to 8M 
and 1.2M JPsi core-hours. 

Ensemble: 643 × 128, Nf = 2 ⊕ 1   Mπ ≃ 170 MeV    a ≃ 0.091fm  (200 configs) Mπ L=4.8

Projects

Pion DA 

Pion PDF

Pion Form Factor



Can you compare your proposed numerical method, distillation , to other approaches like AMA? What are the advantages 
of distillation? How does the costs compare? 

Distillation and AMA are two different things. Distillation is a method for obtaining interpolating fields that allow exceptionally good 
control of excited states as the JLab spectroscopy program has demonstrated. AMA is a  noise reduction method. Unfortunately the 
AMA assumes that the contraction cost is small relative to propagator cost therefore by substantially reducing the cost of the 
propagator calculation by solving with low precision for most of the propagators a major efficiency gain is obtained. In our case the 
cost of contractions is not negligible and as a result AMA in the form that it has been formulated is not beneficial for us. Methods for 
improving the overall efficiency of our computations are currently under way by members of our team.

You plan to analyze 200 configurations using significant computational resources. Is that sufficient to get physical predictions?

We think that 200 configurations are sufficient. Our improved interpolating fields with Distillation play an important role in this.

Would it make more sense to start with smaller volumes, perhaps larger pion mass, to gain experience with the method?

Perhaps this is a possibility, although not preferable, if resources are not available. Here we would like to stress that the generated 
data with Distillation (perambulators and meson elementals) are the same as those used in spectroscopy and will be useful for other 
on going projects at JLab for the years to come.

This proposal is much larger than many others with similar physics goals, even though the lattice spacing is not particularly fine.
 Also the method is new and exploratory. How do you justiffy such a large request?

We are not aware of the other proposals so we cannot comment on this point. The perambulators and generalized perambulators that 
we will generate, even though absolutely essential for our calculation, will be of value to subsequent investigations of hadron structure, 
a further advantage of the distillation approach.



Can you comment on other works/groups  using the Ji method? What is their experience? How does your proposed work fit into
 the international and USQCD program?

We are aware of the work of Lin et. al. as well as the ETMC work. In both cases they renormalization issues are not addressed. Our 
gradient flow methods allows for the computation of a matrix element that requires no renormalization, therefore it can be extrapolated 
to the continuum. Perturbative calculations to obtain the matching kernel are underway (C. Monahan).

You request a significant fraction of the available KNL resources. Would your calculation be better fitted to an ALCC 
proposal that rewards high risk, high reward projects, leaving local USCQD resources to projects that do not require 
such large  scale computing?

We do not have an ALCC allocation for this project.
Besides the renormalization issues, a primary issue is the range of x accessible with the P_z in your calculation.  
Do you have plans to study how large a P_z is accessible for a given lattice, and the values of x of the light-cone
distributions that can be faithfully reproduced?  

We are already studying this issue in an ongoing exploratory calculation of a high momentum  transfer pion form factor.
Based on the results we get from this study we will consider ways to further improve our high momentum interpolating fields.
An advantage of the distillation approach is the ability to construct interpolating operators that satisfy the symmetries of the lattice, 
even for states in motion, thereby minimizing the number of states that can contribute as the momentum is increased, and the ability to 
use the variational approach at non-zero momentum.  Finally, we emphasize that reaching the smallest values of Bjorken x is not the 
aim here.  There is considerable interest in parton distributions at mid- and higher values of x, and indeed this is a key part of the JLab 
program.


