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Kinds of Uncertainty

• Quantitative:

• based on “theorems” and derived from (numerical) data;

• Semi-quantitative:

• based on “theorems” but insufficient data to make robust estimates;

• Non-quantitative:

• error exists but estimation is mostly subjective (or, hence, omitted);

• Sociological.
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Sociology

• “Do you understand their error estimates?  I don’t.”

• could say this after detailed study of the calculation in question;

• could say this just because you don’t like the authors.

• Anecdote 1: Lepton-Photon Symposium, sometime in the last century.

• Anecdote 2: ILC-LHC apprehension vs. OPAL-D0 reality.

• My preferred criticism: “the calculation suffers from an uncertainty that is 
omitted from (underestimated in) the error budget.”
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Non-quantitative: Quenching Some or All Quarks
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The Trouble with Determinants

• Early lattice-QCD calculations were carried out in the quenched 
approximation.  What is it?

• The contribution of sea quarks is represented mathematically by the 
determinant of a huge matrix:

• computationally most demanding step in lattice QCD;

• quenching: set det = 1 (in early days also called valence approximation); 

notation: nf = N means N sea quarks with det ≠ 1.

• a dielectric idea: the brown muck is a frequency-dependent medium, 
approximated by a constant (absorbed into bare g0

2).
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Valence quarks, sea quarks, & gluons
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Quenched approximation appears in other contexts, e.g., 
Schwinger-Dyson equations in ladder approximation.
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Quenching

• Short distances (large µ):

• universally incorrect 
running;

• arguably unimportant or 
correctable.

• Long distances (small µ):

• non-universal IR effects, 
e.g., αs(1/r) = –3r2F(r)/4 
or “frozen” coupling.
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Quenched vs. 2+1 Sea Quarks
HPQCD, MILC, Fermilab Lattice, hep-lat/0304004
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• a = 0.12 & 0.09 fm

• O(a2) improved

• FAT7 smearing

• 2ml < mq < ms

• π, K, Υ(2S) input
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Quenching charm

• Charm threshold lies above 
nonperturbative regime:

• expand det(D/ + mc) in   

D//mc;

• leads to FμνFμν action;

• so shifts αs (as is 
customary for b, t);

• real error ∝ αs×(Λ/mc)2.
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Quenching strange

• Strange threshold lies in 
nonperturbative regime:

• nf = 2 better than nf = 0;

• still hard to estimate;

• sometimes ~5%;

• sometimes no change, 
e.g., Ω mass.
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• Caution: many, if not most, quenched calculations contain no estimates of the 
associated error.

• Caution: many, if not most, nf = 2 calculations contain no estimates of the 
error associated with quenching the strange sea.

• Statement of philosophy: “I see no sensible and reliable way to estimate 
the effect of the strange sea.  Many examples show practically no 
influence from it.  This is a puzzle .”

• “Differences [in fDs with nf = 2 and nf = 2+1] could be due to other effects.”

• We report; you decide.

• Caution: no nf = 2+1 calculations contain hard estimates of the error 
associated with omitting the charmed sea: 0.1% or 0.5% or 1% or 5%?
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• Many 2+1 calculations use staggered fermions [Susskind, 1977] for quarks.

• Computationally swiftest way to incorporate determinant, but extra four-fold 
replication of species “tastes”.  Ansatz [Hamber et al., 1983]: 
 

• Extra tastes lead at a ≠ 0 to violations of unitarity, reducing to physical system 
as a → 0, handled with a version of chiral perturbation theory:

• if correct, error incorporated into “chiral extrapolation error”;

• if incorrect, the error is, like quenching, non-quantitative (caveat emptor: 
there are several incorrect arguments about incorrectness).
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Rooted Staggered Fermions
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Semi-quantitative Errors
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Errors Estimated Semi-quantitatively

• Sometimes the (numerical) data are insufficient to estimate robustly an 
uncertainty:

• the statistical quality is not good enough;

• the range of parameters is not wide enough;

• try this, that, and the other fit; cogitate; repeat.

• These cases are a limiting case of errors estimated quantitatively, so are 
discussed later in the talk.
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Errors Estimated Semi-quantitatively 2

• Perturbative matching (a class of discretization effect):

• estimate error from truncating PT with the same “reliability”  as in 
continuum pQCD;

• multi-loop perturbative lattice gauge theory is daunting.

• nonperturbative matching, where feasible, fixes this.

• Heavy-quark discretization effects:

• theory says αsl+1bi[l+1](amq)an〈Oi〉 ~ αsl+1bi[l+1](amq)(aΛ)n;

• for each LHQ action, know asymptotics of bi, but not bi[l+1](amq).
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Quantitative Errors: Statistics
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MC hand

• Infinite continuum: uncountably 
many d.o.f.

• Infinite lattice: countably many; 
used to define QCD

• Finite lattice: can evaluate integrals 
on a computer; dimension ~ 108

a

L = NSa

L 4 =
 N

4a

Lattice Gauge Theory
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�•� =
1
Z

Z
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=
1
Z

Z
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• Estimate integral as a sum over randomly chosen configurations of U: 
 
 
 
 
 
  
where {U(c)} is distributed with probability density  ;  
often called “simulation,” although this may be an abuse of language.

• Sum converges to desired result as ensemble size C → ∞.

• With C < ∞, statistical errors and correlations between, say, G(t) and G(t+a).

Monte Carlo Integration with Importance Sampling

18

�•� =
1
Z

Z
DU det(D/+m)exp(−S) [•�]

≈ 1
C

C−1

∑
c=0

•�[U (c)]

det(D/+m)exp(−S)

Monday, April 26, 2010



• Two-point functions for masses 
	 	

• Two-point functions for decay constants: 
	 	

• Three-point functions for form factors, mixing: 
	 	

Correlators Yield Masses & Matrix Elements

�π(t)π†(0)� = ∑
n

|�0|π̂|πn�|2 exp(−mπnt)

�J(t)π†(0)� = ∑
n
�0|Ĵ|πn��πn|π̂†|0�exp(−mπnt)

�π(t)J(u)B†(0)� = ∑
mn
�0|π̂|πm��πn|Ĵ|Bm��Bm|B̂†|0�

×exp[−mπn(t−u)−mBm u]

π(t) = ψ̄uγ5Sψd :
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n-Point Functions

G(t) =

Monday, April 26, 2010



Central Limit Theorem

• Thought simulation: generate many ensembles of size C.  Observables 〈•〉 are 

Gaussian-distributed around true value, with 〈σ2〉 ~ C–1.

• Inefficient use of computer to generate many ensembles (make ensemble 
bigger; run at smaller lattice spacing; different sea quark masses; …).

• Generate pseudo-ensembles from original ensemble:

• jackknife: omit each individual configuration in turn (or adjacent pairs, trios, 
etc.) and repeat averaging and fitting; estimate error from spread;

• bootstrap: draw individual configurations at random, allowing repeats, to 
make as many pseudo-ensembles of size C as you want.
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• A further advantage of Jackknife and Bootstrap is that they can be wrapped 
around an arbitrarily complicated analysis.

• In this way, correlations in the statistical error can be propagated to ensemble 
properties with a non-linear relation to the n-point functions.

• masses are an example: m ≈ ln(Gt+a/Gt);

• as a consequence, everything else, from amputating legs with Ze–mt.

• Thus, each mass or matrix element is an ordered pair—(central value, 
bootstrap distribution); understand all following arithmetic this way.
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Error Bars and Covariance Matrix

• Errors on the n-point functions are determined from the ensemble: 
	 	

• Similarly for the covariance matrix: 
	 	
	

• Minimize 
	 	
	 	
	 	
	
to obtain masses, mn, and matrix elements, Zn, for few lowest-lying states.
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σ2(t) =
1

C−1
�
�G(t)G(t)�−�G(t)�2�

σ2(t1, t2) =
1

C−1
[�G(t1)G(t2)�−�G(t1)��G(t2)�]

χ2(m,Z) = ∑
t1,t2

�
G(t1)−∑

n
Zne−mnt1

�
σ−2(t1, t2)

�
G(t2)−∑

n
Zne−mnt2

�

Monday, April 26, 2010



Data Reduction

• Computing a hadron n-point function from a lattice gauge field represents a 
huge data reduction.

• We consider an ensemble pretty big if it has 500 (independent) configurations.

• Reduce to a function with 20 discrete values: 20 ≪ 500×20/4.

• But now fit, using the statistical correlation among the function values: alas, 
20×20 ≪/ 500×20/4.

• Now correlate this function with others (e.g., one for mass, one for matrix 
element; several final-state momenta for a form factor).

23
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Constrained Curve-Fitting

• The fits to towers of states are the first of many fits, in which a series is a 
“theorem” (here a genuine theorem).

• Figuring out fit ranges and where to truncate is a bit of a dark art.

• More recently, some groups have been assigning Bayesian priors to higher 
terms in the series, fitting 
	 	

• Anything with “Bayesian” in it can lead to long discussions, often fruitless.

• Key observation is that decisions where to truncate are priors: indeed extreme 
ones, δ(Zn = 0) or δ(mn = ∞), n > s.  Choosing fit range is prior on data.

24

χ2
aug = χ2(GGG|{ZZZ,mmm})+χ2({ZZZ,mmm})
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Quantitative Errors: Tuning

25
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The Lagrangian

• 1 + nf + 1 parameters: 
	 	
	 	
	 	
	 	
	 	
	 	
	

• Fixing the parameters is essential step, not a loss of predictivity.

• Length scale r1: r12F(r1) = 1 (from static potential): need other inputs too.

• Statistical and systematic uncertainties propagate from fiducials to others.

LQCD =
1
g2

0
tr[FµνFµν]

− ∑
f

ψ̄ f (/D+m f )ψ f

+
iθ

32π2 εµνρσ tr[FµνFρσ]

26

fiducial observable

r1 or mΩ or Y(2S-1S)...

mπ, mK, mJ/ψ, mY, ....

θ = 0.
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Quantitative Errors: Effective Field Theories
review: hep-lat/0205021
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Yesterday’s Output is Today’s Input

28

• After running the Monte Carlo a few years, accumulating zillions of files with 
n-point functions, and spending a couple months fitting them into zillions 
more files with masses and matrix element, the real work can begin.

• The (numerical) data are generated for a sequence of

• lattice spacing;

• spatial volume;

• light quark masses;

• heavy quark masses.
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Many Scales in Lattice QCD

mπ mK mc mbΛ

a–1 π/amPSL–1

QCD scales

MC scales
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• After running the Monte Carlo a few years, accumulating zillions of files with 
n-point functions, and spending a couple months fitting them into zillions 
more files with masses and matrix element, the real work can begin.

• The (numerical) data are generated for a sequence of

• lattice spacing;

• light quark masses;

• spatial volume;

• heavy quark masses;

•  a → 0 with Symanzik EFT;

•  mπ2 → (140 MeV)2 with chiral PT;

• massive hadrons ⊕ χPT;

• HQET and NRQCD.

Yesterday’s Output is Today’s Input
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Symanzik Effective Field Theory

• An outgrowth of the “Callan-Symanzik equation” 
 
 
 

is Symanzik’s theory of cutoff effects.

• Applied to lattice gauge theory (e.g., QCD) 
 
 

where RHS is a continuum field theory with extra operators to describe the 
cutoff effects.  Pronounce ≐ as “has the same physics as”.

• Data in computer: LLGT.  Analysis tool: LSym.
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dαs(µ2)
dµ2 =−β0α2

s (µ
2)−β1α3

s (µ
2)− · · ·

LLGT
.= LSym = LQCD +∑

i
adimLi−4Ki(g2,ma;µ)Li
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Symanzik Effective Field Theory 2

32

• The Symanzik LEL helps in (at least) three ways:

• a semi-quantitative estimate of discretization effects—an〈Li〉 ~ (aΛ)n;

• a theorem-based strategy for continuum extrapolation: an                

(beware the anomalous dimension in Ki!);

• a program (the “Symanzik improvement program”) for reducing lattice-

spacing dependence: if you can reduce the leading Ki in one observable, 
it is reduced for all observables:

• perturbative—Ki ~ αsl+1; nonperturbative—Ki ~ a.
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Exceptional Continuum Extrapolation: BK
JLQCD, hep-lat/9710073

FIGURES
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FIG. 1. Gauge non-invariant (circles) and invariant (diamonds) BK(NDR, 2GeV) as a function
of m!a, together with a simultaneous fit for the two operators including !2 term (solid lines) and
separate fits quadratic in a(dashed lines) to the five pairs of data points for " ! 5.93.

0.0 0.2 0.4 0.6 0.8 1.0
m!a

−0.05

0.00

0.05

"BK(NDR, 2GeV) vs. m!a
q*=1/a, 3−loop coupling, 5 points

total contribution
a2 contribution
#

2
 contribution

FIG. 2. Di!erence of BK(NDR, 2GeV) between gauge noninvariant and invariant operators as

a function of m!a. The solid line represents a fit with a2 and !2 terms, while the dotted (dashed)
line is the contribution from the a2 (!2) term.
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Chiral Perturbation Theory

• Chiral perturbation theory [Weinberg, Gasser & Leutwyler] is a Lagrangian 
formulation of current algebra.

• A nice physical picture is to think of this as a description of the pion cloud 
surrounding every hadron: 
	 	
	 	
where the LHS is a QFT of quarks and gluons, and the RHS is a QFT of pions 
(and, possibly, other hadrons).

• Theoretically efficient: QCD’s approximate chiral symmetries constrain the 
interactions on the RHS.  Unconstrained: the couplings on the RHS.

• RHS can include (symmetry-breaking) terms to describe cutoff effects.

34

LQCD or Sym
.= LχPT
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FIG. 4: Chiral extrapolation of 2(!A!!V )/(!A+!V ) on the coarse lattice at (ap)2 = 1.468 using

a linear function in mx and ml. Although only the data points with filled symbols were used in the

fit, the fit line does a reasonable job of describing the heavier data points that were not included.

The cyan error band shows the extrapolation/interpolation for points where the domain-wall pion

mass is tuned to equal the lightest (taste pseudoscalar) staggered pion mass.

the operators in Eq. (37) can be seen clearly in the data. As Fig. 5 shows, the di!erence

between "A and "V increases rapidly as the momentum approaches zero and decreases slowly

as the momentum becomes larger than " 2 GeV. The contributions from the operators in

Eq. (37) can be removed by extrapolating to the chiral limit at fixed momentum. Figs. 4

and 5 show that, although this procedure does indeed reduce the splitting between "A and

"V , it does not eliminate the di!erence. Thus there must be additional sources of chiral

symmetry breaking, which we now discuss.

The next source is chiral symmetry breaking due to the use of a finite Ls. Theoreti-

cal arguments suggest, however, that this would lead to errors that are much smaller, of

O((amres)2) # 10!6 in our numerical simulations [49, 52]. This would produce a negligible

di!erence between "A and "V , and cannot account for the size of the di!erence that we

20

Typical Chiral Extrapolation: BK
Aubin, Laiho, Van de Water, arXiv:0905.3947
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Finite-Volume Effects as Error

• All indications (i.e., experiment, LGT) are that QCD is a massive field theory.

• A general result for static quantities in massive field theories trapped in a 
finite box with eiθ-periodic boundary conditions [Lüscher, 1985]: 
 
 

so once mπL ≳ 4 or so, these effects are negligible.

• For two-body states, the situation is more complicated, and more interesting.

• Volume-dependent energy shift encode information about resonance widths 
and final-state phase shifts (cf. Norman Christ’s talk, tomorrow).

36

Mn(∞)−Mn(L)∼ gnπ exp(−const mπL)
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Finite-Volume Effects as Technique

• When finite-volume effects are well-described by χPT, the finite-volume, even 
small-volume, data can be used to determine the couplings of the Gasser-
Leutwyler Lagrangian.

• Several regimes:

• p-regime: 1 ~ Lmπ ≪ LΛ (usual pion cloud, squeezed a bit);

• ε-regime: Lmπ ≪ 1 ≪ LΛ (pion zero-mode nonperturbative).

• Review: S. Necco, arXiv:0901.4257.

37
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Heavy Quarks

• For heavy quarks on current lattices, mQa ≪/ 1, worry about errors ~(mQa)n.

• Heavy-quark symmetry to the rescue:

38

LQCD
.
= LHQ =

!

s

m!s
Q

!

i

C
(s)
i (µ)O(s)

i (µ)

= h̄v [v · D + mZm(µ)]hv +
h̄vD2

"
h

2mZm(µ)
+ · · ·

LLGT
.
= LHQ(a) =

!

s

m!s
Q

!

i

C
(s)
i (mQa, ci;µ)O(s)

i (µ)

= h̄v [v · D + m1(µ)]hv +
h̄vD2

"
hv

2m2(µ)
+ · · ·

=
!

s
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!

i

C̄
(s)
i (mQa, ci;µ)O(s)

i (µ)
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Heavy-quark Effective Field Theory

39

• Using HQET as a theory of cutoff effects helps in (at least) three ways:

• a semi-quantitative estimate of discretization effects—bian〈Oi〉 ~ (aΛ)n;

• a theorem-based strategy for continuum extrapolation, although the mQa 

dependence of the bi makes this less easy than in Symanzik; cf. Claude 
Bernard’s talk for an example with priors.

• a program for reducing lattice-spacing dependence: if you can reduce the 
leading bi in one observable, it is reduced for all observables:

• perturbative— bi ~ αsl+1; nonperturbative— bi ~ a or 1/mQ.
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Summary
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A Very Good Error Budget
(one omission)

chiral expansions simultaneously to our ! and K masses
and decay constants. We do the same for the masses and
decay constants of the D and Ds. Given the couplings, we
tune mu=d and ms so that our formulas give the experimen-
tal values for m! and mK after correcting for the u=d mass
difference and electromagnetic effects [8,18].

We find that finite a errors are 2–3.5 times smaller with
the HISQ quark action than with the asqtad action, but still
visible in our results. We combine the extrapolation to a !
0 with the quark-mass extrapolation by adding a2 depen-
dence to our chiral formulas. We expect leading discretiza-
tion errors of various types: "sa2 and a4 errors from
conventional sources; and "3

sa2, "3
sa2 log"xu;d#, and

"3
sa2xu;d from residual taste-changing interactions among

the valence and sea light quarks. We do not have sufficient
data to distinguish between these different functional
forms, but we include all of them (with appropriate priors
for their coefficients) in our fits so that uncertainties in the
functional dependence on a2 are correctly reflected in our
final error analysis. The a2 extrapolations are sufficiently
small with HISQ (1% or less for ! and K from fine results
to the continuum; 2% for D and Ds) that the associated
uncertainties in our final results are typically less than
0.5%. The combined chiral and continuum Bayesian fits
have 45 parameters for D=Ds and 48 for !=K with 28 data
points for each fit [19].

Figure 1 shows the masses of the D and Ds as a function
of u=d quark mass. To reduce uncertainties from the scale
and from c quark-mass tuning, the meson masses were
obtained from mDq

$m#c
=2%m#cexpt=2. The lines show

our simultaneous chiral fits at each value of the lattice
spacing, and the dashed line shows the consequent extrapo-
lation to a ! 0. The shaded bands give our final results:
mDs

! 1:962"6# GeV and mD ! 1:868"7# GeV. Experi-
mental results are 1.968 GeV and 1.869 GeV, respectively.
We also obtain "2mDs

$m#c
#="2mD $m#c

# ! 1:251"15#,
in excellent agreement with experiment, 1.260(2) [2]. This
last quantity is a nontrivial test of lattice QCD, since we are
accurately reproducing the difference in binding energies
between a heavy-heavy state (the #c used to determine mc)
and a heavy-light state (the D and Ds). Table II gives our
complete error budget for this quantity.

Figure 2 similarly shows our results for decay constants
on each ensemble with complete error budgets in Table II.
fK and f! show very small discretization effects and good
agreement with experiment when Vud is taken from nuclear
$ decay and Vus from Kl3 decays [2]. We obtain f! !
132"2# MeV and fK ! 157"2# MeV. Alternatively our re-
sult for fK=f! [1.189(7)] can be used, with experimental
leptonic branching fractions [8,23], to give Vus. Using the
recent KLOE result for K [24,25], we obtain Vus !
0:2262"13#"4# where the first error is theoretical and the
second experimental. This agrees with, but improves on,
the Kl3 result. Then 1$ V2

ud $ V2
us $ V2

ub ! 0:0006"8#, a
precise test of CKM matrix first-row unitarity.
fD and fDs

show larger discretization effects but a more
benign chiral extrapolation. Our final results are fDs

!
241"3# MeV, fD!207"4#MeV, and fDs

=fD!1:164"11#.
These results are 4–5 times more accurate than previous
full lattice QCD results [6] and existing experimental
determinations. An interesting quantity is the double ratio
"fDs

=fD#="fK=f!#. It is estimated to be close to 1 from low
order chiral perturbation theory [26]. We are able to make a

FIG. 1 (color online). Masses of the D% and Ds mesons as a
function of the u=d mass in units of the s mass at three values of
the lattice spacing. The very coarse results are the top ones in
each set, then coarse, then fine. The lines give the simultaneous
chiral fits, and the dashed line gives the continuum extrapolation
as described in the text. Our final error bars, including the overall
scale uncertainty, are given by the shaded bands. These are offset
from the dashed lines by an estimate of electromagnetic, mu !
md, and other systematic corrections to the masses. The experi-
mental results are marked at the physical md=ms.

TABLE II. Error budget (in %) for our decay constants and
mass ratio, where !x ! 2mDx

$m#c
. The errors are defined so

that it is easy to see how improvement will reduce them; e.g., the
statistical uncertainty is the outcome of our fit, so that quadru-
pling statistics will halve it. The a2 and mu=d extrapolation errors
are the pieces of the Bayesian error that depend upon the prior
widths in those extrapolations. ‘‘ms evolution’’ refers to the error
in running the quark masses to the same scale from different a
values for the chiral extrapolation. The r1 uncertainty comes
from the error in the physical value of r1, and the finite volume
uncertainty allows for a 50% error in our finite volume adjust-
ments described in the text.

fK=f! fK f! fDs
=fD fDs

fD !s=!d

r1 uncerty. 0.3 1.1 1.4 0.4 1.0 1.4 0.7
a2 extrap. 0.2 0.2 0.2 0.4 0.5 0.6 0.5
Finite vol. 0.4 0.4 0.8 0.3 0.1 0.3 0.1
mu=d extrap. 0.2 0.3 0.4 0.2 0.3 0.4 0.2
Stat. errors 0.2 0.4 0.5 0.5 0.6 0.7 0.6
ms evoln. 0.1 0.1 0.1 0.3 0.3 0.3 0.5
md, QED, etc. 0.0 0.0 0.0 0.1 0.0 0.1 0.5

Total % 0.6 1.3 1.7 0.9 1.3 1.8 1.2
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Δq = 2mDq – mηc 

charmed sea     << 0.5%?
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